The C 60 molecule and its fragments are studied using Configuration Interac- C 60 that we have studied. The hexagon-hexagon(h-h) bond orders are slightly larger than those of the hexagon-pentagon bonds(h-p), a feature also found in other fragments. We also find bonds between two coordinated carbon sites to be stronger than bonds involving three coordinated carbon sites. In C 60 , the h-h bonds are stronger than in corannulene and the h-p bonds weaker than in corannulene for all correlation strengths. Introducing bond alternation in the buckyball enhances this difference.
Introduction
The discovery of C 60 , a new allotrope of carbon, by Kroto et al [1] and its bulk synthesis by Kratschmer et al [2] have been amongst the most exciting recent developments in chemistry and physics. C 60 and its compounds show exotic physical and chemical properties. Alkali doped compounds of C 60 are superconducting, with Rb 1.5 Cs 1.5 C 60 having a superconducting transition temperature of 32 K [3] . The compound C 60 − T DAE (T DAE=tetrakis dimethyl amino ethylene) is an organic ferromagnet with a fairly large Curie temperature of 16.5K [4, 5] .
To develop models for diverse phenomena such as these, it is essential to have a reliable understanding of the electronic structure of the basic building blocks of these systems. The carbon atoms in fullerenes are in a nearly sp 2 hybrid configuration with a half-filled p π -like orbital directed radially and involved in extended conjugation. Electronic structure studies on conjugated organic systems have brought out clearly the importance of electron correlations to account for many of the observed spectroscopic and related properties [6] .
Explicitly including electron correlations is a formidable challenge even at the level of a single buckyball. It is reasonable to hope that a proper study of a single buckyball and its fragments will shed light on the esoteric electronic properties of these systems in the bulk.
It would be interesting to try and understand the properties of the full buckyball in terms of its fragments. Firstly, for small enough fragments, it is possible to perform exact calculations that allow us to systematically check the approximate methods. The electronic structures of the fragments are expected to be useful in interpreting the electronic structure and geometry of C 60 . In this article, we study the ground state properties such as bond orders, chargecharge and spin-spin correlation functions of some fragments of C 60 using configuration interaction (CI) techniques and the Variational Monte Carlo (VMC) method. We report the results of our VMC calculations on the full buckyball within the Hubbard model, with and without bond-alternation.
The simplest description of the electronic structure of C 60 is found within the framework of the Huckel picture, wherein a non-zero transfer integral is introduced between the p π -like orbitals on nearest-neighbour atoms(sites). The resulting molecular orbitals (MOs) have a high degree of degeneracy due to the icosahedral symmetry of the molecule. Neutral C 60 has a five-fold degenerate set of highest occcupied molecular orbitals (HOMOs) and a three-fold degenerate set of lowest unoccupied molecular orbitals (LUMOs). The high degeneracy of the MOs has been the focal point of the discussion of the electronic structure of these systems. For instance, in a first approximation, the degeneracy of the LUMOs is considered essential to rationalize the existence of ferromagnetic exchange between two monoanions of C 60 [7] .
The minimal interacting description for C 60 is given by the single band Hubbard model which incorporates only an on-site electron-electron repulsion U besides the one-electron part given by the Huckel picture. Drastic truncation of the electron repulsion to an on-site interaction is justifiable in a metal where the mobile conduction electrons lead to short Debye-Huckel screening lengths.
In molecules it is strictly necessary to include extended range interactions, at least at the level of the PPP model, because of inefficient screening. However, obtaining reliable results even for such models is difficult and we study the simpler Hubbard model as a first step in understanding crucial qualitative effects of correlations in molecular systems like C 60 and its fragments. Exact diagonalization techniques are useful for small systems (with less than about 14 sites at present) but are impractical for large systems because of the exploding dimension of the basis with increasing system size [8] . Therefore, approximate approaches to the problem are inescapable for larger systems. However, exact diagonalization provides a strong check on any novel approximation scheme.
Amongst approximate techniques, perturbation theory gives fairly reliable results at limiting values of the model parameters but breaks down for intermediate but relevant values of the parameters [9] . Another equally widely used approximate approach has been the variational approach with the Gutzwiller wavefunction (GWF) as the trial function of choice for Hubbard models [10] .
In this approach, a variational parameter g ( 0 ≤ g ≤ 1) is introduced and the weight of a configuration in the site representation of the Hartree-Fock ground state is modified by a factor g D , where D is the number of double occupancies in that configuration. Even though a single variational parameter (g) is to be determined, the method itself is not easy to implement. Evaluation of the expectation value of the Hamiltonian for the GWF is made difficult by the very large number of configurations appearing in the wavefunction in the site representation. Often, uncontrolled approximations are resorted to for evaluating the expectation value [10, 11] . Such approximations can be avoided if we carry out a Monte Carlo integration for the expectation value, using the VMC method. The VMC technique uses an importance sampling of the various Slater Determinants (in the atomic orbital (AO) basis) that make up the Gutzwiller trial function to estimate the expectation value of the Hamiltonian.
We also employ a novel configuration interaction (CI) technique that considers all many-body states derived from multiple particle-hole excitations from the Hartree-Fock ground state, whose one particle energies lie below a chosen cutoff. The technique gives reliable ground and excited states of small fragments of C 60 for comparison with Monte Carlo studies. We carry out VMC studies on the full buckyball using the optimized Monte Carlo parameters arrived at from such comparisons.
This article is organized as follows. In the next section we give a description of the computational schemes we have employed, namely the approximate CI scheme and the VMC method employing Gutzwiller trial function. We provide detailed comparisons of these techniques with exact results for benzene.
Section 3 deals with our results and discussions on fragments of C 60 . In section 4 we discuss our VMC results on C 60 and compare these with results on fragments. The last section summarizes the main results of the paper.
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The computational schemes that are described in this section are applied to the Hubbard model [12] on the buckyball and its fragments. The Hubbard Hamiltonian may be written as
where H 0 is the non-interacting part of the Hamiltonian and H 1 represents the on-site Coulomb repulsion. The operator a † iσ (a iσ ) creates (annihilates) an electron with spin σ in the orbital at the i th site,n iσ are the corresponding number operators and the summation < ij > is over bonded atom pairs.
The transfer integral in all the computations is fixed at 1.0 and energies are reported in units of t unless specified otherwise.
VB Method in the MO Basis
In carrying out approximate electronic structure calculations of large systems, within a restricted CI scheme, it is important to find a criterion for truncating the basis. In general, it is difficult to find a truncation scheme to restrict the size of the Hilbert space, that yields accurate spectral gaps. The crux of the problem is that increasing the dimensionality of the basis set in the restricted CI scheme undoubtedly improves the ground state energy in accordance with the variational theorem, but does not guarantee a concommitant improvement in the excited state energies. The scheme described here is intuitive and does not have the drawback of the uncontrolled nature of the multi-reference CI (MRCI) schemes in which the MOs chosen in the reference determinants are arbitrary [13] .
In our restricted CI scheme, we employ the MOs to construct the VB functions [14] . The Hubbard Hamiltonian in the MO basis can be written as 
where S is the overlap matrix in the MO basis and c and c L are the coefficient matrices. We then form the matrix representation of the Hamiltonian in the MO-VB basis using rules similar to those developed for AO-VB calculations [17, 18] . The restricted MO-VB basis includes all configurations whose energy with respect to the energy of the ground state configuration is below a given threshold, E c . We have observed that when E c equals the spread in the one-particle spectrum (bandwidth of the extended systems), the excitation gaps smoothly follow the exact gaps in small systems. The limitation of this approach arises from the fact that as the system size increases, the Hamiltonian matrix becomes less sparse and this places a restriction on the largest system size accessible by this technique. If we are only interested in the ground state properties of the system, keeping the largest possible cutoff would be appropriate in accordance with the variational principle. We usually keep E c ≈ bandwidth for ground state properties of a single molecule.
Variational Monte Carlo with the Gutzwiller Trial Function
The VMC method employs a trial wavefunction, usually of the Jastrow form [19, 20] and provides a Monte Carlo estimate of the expectation value of the Hamiltonian and other operators in this state for different values of the variational parameters. Here, we focus on the Gutzwiller trial wavefunction which is the simplest Jastrow function and is appropriate for Hubbard models. In this section, we briefly describe our implementation of the VMC method, which is similar to that of Yokoyama and Shiba [21] .
The Gutzwiller wavefunction is given by
where g is the sole variational parameter. Here |Φ > is the ground state ,
given by,
where the product is over the MO's occupied with electrons of spin σ. The state |Φ > can be written in terms of the states |R >, where |R >= |R ↑ > |R ↓ > represents a given configuration of up and down spins in real space (equivalently in AO or site representation), as
Here In the VMC method, we seek to evaluate the energy expectation value of the Hamiltonian in the state |Ψ G >,
To do so, we rewrite E(g) as
where
is the probabilty of occurance of the configuration |R > given by
From eqn. (13) for |Φ >, it follows that
A direct importance sampling of the configurations {|R >} with weights given by eqn. (16) is not possible since there is an explosion in the number of configurations for large systems and the denominator in eqn. (16) cannot be evaluated explicitly. Therefore, we resort to an indirect importance sampling technique which is achieved by a Markov process. The states of the Markov chain are the configurations and the one-step transition probability between configurations is such as to yield P g (R) (eqn. (16)) in the ergodic limit. In the computational procedure, we generate the configuration |R n+1 > from |R n > by hopping an electron of randomly chosen spin, from a randomly chosen occupied site, to a randomly chosen vacant site. The new configuration |R n+1 > is accepted with probability
If the new configuration is not accepted, the configuration |R n > is itself treated as the new configuration. The ratio p n,n+1 is given by
denotes the change in the number of doubly occupied sites brought about by the electron hop. We use the updating algorithm of Ceperley et al [22] to compute the ratio of determinants appearing in eqn. (19) . This involves updating the inverses of the matrices C σ (R σ ) which can be carried out in N 2 arithmetic operations [23] .
The energy expectation value is computed as a sum of the transfer part and the interaction part. It is trivial to compute the expectation value of the interaction part of the Hamiltonian, because it only involves counting the number of doubly occupied sites in a given state. The effect of the hopping operator ∆ σ i on a state |R σ n >, that hops an electron from site i is
where |R σ,i→j n > denotes a configuration generated from |R σ n > by hopping an electron of spin σ from site i to site j. The non-interacting part of the Hamiltonian is the sum of ∆ σ i over all sites i and spin σ. Thus, we can write the contribution of the state |R n > to the total energy expectation value for the Gutzwiller wavefunction Ψ G as
The calculation of other expectation values is similar to the calculation of energy. In particular, the expectation value of any operator A can be estimated by estimating < Ψ G |A|R > / < Ψ G |R >. As before, the averaging is carried out after allowing sufficient number of moves per electron (MPE) to reach the ergodic limit. We observe that even upon increasing U, both the true expectation value in the Gutzwiller wavefunction and the MC estimate continue to compare well with the exact energy.
The ground state energy alone is not sufficient for a physical picture of the system and it is essential to have reliable correlation functions. Therefore, we have studied the spin-spin and charge-charge correlation functions using all the techniques mentioned above. In table (2), we present the spin-spin and charge-charge correlation functions obtained from the exact calculation, the true Gutzwiller value and the VMC estimate for weak and intermediate on-site correlation strengths U. We observe that the GWF gives a good estimate of the correlation functions and that the errors in the VMC are not much larger.
However, it is worth noting that the Gutzwiller method slightly underestimates the role of correlation as is seen from the higher than exact values of < n i n j > and the lower than exact values of for | < s i s j > | for both U = 
Results on Fragments of C 60
In this section, we present our results on the fragments of C 60 using the MO-VB technique and compare these with results obtained from the VMC method.
We have studied some catacondensed fragments of C 60 which contain charac- 
Pyracylene
The pyracylene molecule is a fragment of C 60 that is amenable to exact calcu- In table(5a) we present the bond order data for the unique bonds in pyracylene. From the bond order data, we see that the 1-2 bond or its equivalents is the strongest bond in the system. This trend is found for all correlation strengths studied and is also seen in the exact PPP [24] ground state. The external carbon atoms of the pentagons form almost independent ethylenic units with a slight extended conjugation as seen from the rather small 2-3 bond order. This is summarized in fig. 2 for U/t = 1.0. The bond orders of the internal bonds of the six membered rings are smaller than that of benzene for the same value of U (table(3 In tables(6a) and (6b) we present the spin and charge correlations for both on-site and nearest neighbour atom pairs and summarize them in fig. 2 for U/t = 1.0. The 1-2 bond has a very large antiferromagnetic spin correlation (-0.402) although the sites 1 and 2 have rather large ionic contributions. In the half-filled case, the diagonal (on-site) spin and charge correlation functions in the large U limit are both 1.0, while in the U → 0 limit, they are 0.5 and 1.5 respectively.
2 The large value of <n The hexagon-hexagon bond is also found to be marginally stronger than the hexagon-pentagon bond, a feature in common with C 60 .
Fluoranthene
The dependance of the energy of fluoranthene on U is given in table(4). Here, exact results are not available for comparison but the energy scales as expected with U. From the bond order data of fluoranthene ( fig. 3a) , we see that the pentagon bonds are weak, while the bonds on the perimeter are strong. The i , given that for the half-filled case, in the U/t = 0 limit, the probabilities of the Fock space states (|0 , | ↑ , | ↓ and| ↑↓ ), at a given site i, are all equal to 0.25. In the large U limit, these probabilties are respectively 0, 0.5, 0.5 and 0.
weakest bond is the bridging 4-5 bond. The bonds forming the benzenic unit and the naphthalenic unit are fairly strong. From the bond order data, we can visualize fluoranthene as weakly bridged benzene and naphthalene units, a feature consistent with an earlier PPP model calculation. Furthermore, the bond order in the isolated hexagon is nearly the same as in benzene. The bonds in the naphthalenic unit show more alternation. We notice that even in fluoranthene, the hexagon-hexagon bond is slightly stronger than the hexagonpentagon bond. The dependence of bond order on correlation strength is shown in table (7) . All the bond orders decrease with increasinng U. The decrease is sharper at larger U values. The bond orders tend to become uniform within the benzenic and naphthalenic units.
The spin and charge correlations of the nearest neighbour bonds for U = 1.0 are shown in fig(3b) . The bridging 4-5 bond has a very small antiferromagnetic spin correlation, despite being a nearest neighbour bond. Thus we expect most of the frustration of the pentagon to be manifest in this bond. The chargecharge correlation is largest for this atom pair, and so is the on-site charge correlation. The small spin-spin correlation and the large charge correlations and site ionicities of this bond can be reconciled if we assume that both the sites are simultaneously empty or doubly occupied, and if singly occupied the spins are uncorrelated. It also implies that the most reactive sites in fluoranthene are likely to be these sites. In tables (8a) and (b) we present the dependence of charge and spin correlation son U. While all the sites tend to be more covalent, the relative ionicities as well as charge and spin correlations evolve smoothly with U. We also observe that as U increases, the bond orders decrease, while the spin-spin correlations increase, a trend expected from the Hubbard model.
Corannulene
The energy of the ground state of corannulene for different values of U is presented in table (4) . The ground state energy per carbon atom, ǫ c is the lowest for this fragment, with ǫ c for the fragments obeying the trend corannulene ¡ fluoranthene ¡ pyracylene. The stabilization decreases with increasing U, although the same trend persists. In fig. (4) , we present the the bond order data of corannulene for U = 1.0. Unlike in the other two fragments of C 60 , the pentagonal unit in corannulene is completely enclosed. Therefore the bonds of the pentagon in this fragment most closely approximate the h-p bonds in C 60 .
All h-p bonds in corannulene have almost equal bond orders. We observe that the h-p bonds are slightly weaker than the h-h bonds. The outer bonds of corannulene also fall into two categories. The 1-2 like bonds are stronger than the 2-3 like bonds. The higher bond orders of the former group suggests that bonds involving even a single three coordinated carbon atom tend to be weaker due to frustrations encountered during delocalization. The outer bonds with large bond orders evolve into the h-h bonds in C 60 . The bond orders show similar trends for different values of U (table (9) 
VMC Ground State Properties of C 60
We have obtained the ground-state energy of neutral C 60 , with and without bond-alternation for several values of U. We have also computed the nearest neighbour bond orders and the charge and spin correlations of C 60 in both cases. The energies of C 60 are presented in table (11) . These energy values are in good agreement with those of Krivnov et al for the values of U studied [25] .
We note that the energy per carbon atom is lower than that of any of the fragments studied. The electronic energy is further reduced on introducing bond alternation. However, we need a reliable estimate of the strain energy [26, 27] to be able to arrive at an equilibrium distortion of the bonds in C 60 . Nev-ertheless, it is now established that the h-h bonds in C 60 are shorter than the h-p bonds [28, 29] . It is interesting to compare the energy per bond of the fragments with that of C 60 . The U = 1.0 values for benzene, pyracylene, fluoranthene, corranulene and C 60 are -1.10, -0.95, -0.99, -0.96 and -0.88 respectively. This trend is similar at higher values of U as well. This brings out clearly that C 60 is a more frustrated system than its fragments. The benzene value is clearly outside the range of the fragments of C 60 .
In table (12) we present bond orders, spin-spin and charge-charge correlations for C 60 with and without bond alternation, for the h-h and h-p bonds as well as diagonal charge and spin correlations. We notice that the h-h bond orders are larger than the h-p bond orders for undistorted C 60 (uniform bond length) and the difference increases with alternation. While it is possible to optimise the bond length differences for the h-h and the h-p bonds on the basis of Coulson's empirical formulae, we have not attempted it. From the bond orders for the uniform transfer integral, Coulson's formula [30, 32] predicts a h-h bond length of 1.429Å and a h-p bond length of 1.453Å. However, we have chosen the transfer integral of the h-h bond to be 20% stronger than that of the uniform case and the h-p bond to be 10% smaller than in the uniform case. This choice conserves the total transfer integral for the buckyball and allows comparison with the uniform case. The larger alternation has been employed to offset the errors in monte carlo estimates.
The difference in bond order between the h-h and h-p bonds in uniform C 60 is larger than that in corannulene. This seems to indicate that the bond frustrations in C 60 are more localized on the pentagons than in the fragments of C 60 or indeed any open frustrated systems. The h-p and h-h charge-charge correlations show the opposite trend when compared to corannulene. This is because the charge-charge correlations are smaller for large bond orders as the transfer of an electron requires the dissimilar occupancy of the sites between which hopping is occuring. The charge-charge correlation for the hh bond is smaller than for the h-p bond in C 60 . The spin-spin correlation is more antiferromagnetic for the h-h bond than for the h-p bond in C 60 .
The h-h bond in C 60 has weaker antiferromagnetic fluctuations than the h-h bond in corannulene, while the h-p bond in C 60 has smaller antiferromagnetic fluctuations than the h-p bond in corannulene. This trend holds for all values of U.
The site ionicities of the carbon sites in C 60 are smaller than the interior sites in corannulene, as can be seen from the smaller diagonal charge correlation in the former. This is also confirmed by the larger diagonal spin correlation in C 60 compared with that for the pentagonal sites in corannulene.
The spin and charge correlations for the h-h bond increase when alternation in the transfer integral is introduced, while these quantities decrease for the h-p bond. The site ionicities are smaller than those of uniform C 60 . This trend persists for all values of U studied by us.
The average bond order of a molecule gives the extent of kinetic stabilization due to delocalization. It is interesting to compare the average bond orders for U/t = 0 for benzene, C 60 and graphite [?] , which are 2/3, 0.518 and 0.525.
In benzene and C 60 the bond orders are marginally reduced for U/t = 1.0 to 0.66 and 0.513 respectively. A similar trend is expected in graphite, upon introducing correlations. Thus, it appears that in C 60 the kinetic stabilization is only slightly smaller than in graphite, in spite of bond frustration in the former due to the five-membered rings. This result could be an artefact of the Hubbard model; for even in the mean-field limit, extended range interactions renormalize the transfer integrals, leading to contributions to the kinetic energy and hence to the bond orders. It is also interesting to compare the pentagons in C 60 with the cyclopentadienyl radical. The pentagonal bond order in this molecule is 0.58 while the h-p bond order in C 60 is 0.47 for U = 1.0.
Thus the pentagons in C 60 are more frustrated than a single pentagonal unit.
The value of the Gutzwiller parameter g for which the energy is a minimum indicates the overall extent of supression of the doubly occupied sites in a given system. In table (13) , the value of the Gutzwiller parameter g for which the energy is a minimum is given for all the systems reported in this paper. There is no systematic variation in g across the fragments and all the systems seem to suppress double occupancies to a similar extent for a given value of U.
Summary
We have studied the fragments of C 60 by various CI techniques as well as the VMC. Comparison of these studies allows us to derive reasonable monte carlo parameters for the simulation of larger systems like C 60 . The bond order analysis of these molecules allows us to visualise structures which are consistent with the spin and charge correlations. We are able to observe the evolution of the properties of the fragments towards the properties of C 60 through the properties of the hexagon-hexagon like and hexagon-pentagon like bonds. Corannulene is found to be the fragment of C 60 that approximates the full molecule most closely. We have studied the uniform and bond alternated models for C 60 . Even when the transfer integral is uniform, the bond orders of C 60 show more marked alternation than the fragments. i, j U = 0.5 U = 1.0 U = 2.0 U = 4.0 P P P (exact) i, j U = 0.5 U = 1.0 U = 2.0 U = 4.0 P P P (exact) 1,2 Table 8b . On-site and nearest neighbour VMC charge-charge correlations (< n i n j >) of fluoranthene for different U/t values.
Nearest neighbour
On-site Table 10b . On-site and nearest neighbour VMC charge-charge correlations (< n i n j >) of corannulene for different U/t values.
On-site i, j U = 1.0 U = 2.0 U = 4.0 i, j U = 1.0 U = 2.0 U = Table 12 . On-site and nearest neighbour VMC charge-charge correlations (< n i n j >) and spin-spin correlations (4 < s Table 13 . Minimum value of the Gutzwiller parameter g for fragments of C 60 , uniform and bond alternant C 60 (A and B). 
